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ABSTRACT: The finite deformation of rubber under multiaxial stress will finally result in its fatigue failure. The ability to predict the

effects of complex strain histories on fatigue life is a critical need. The cracking energy density (CED) distribution characteristics in

the finite deformation and rubber fatigue life estimated by the CED criterion are investigated. Then the influences of the crack orien-

tation angle u and the principal stretch ratio k on the relationship between CED and strain energy density (SED) are obtained.

Finally, the results are used for predicting the fatigue life of rubber material and are compared to experimental values. The results

indicate that the ratios of the predicted lives based on the CED damage parameter and measured lives are within two times scatter

factor and that of the predicted lives based on the SED damage parameter and measured lives are greatly influenced by the crack ori-

entation angle u. The rubber fatigue life has great relationship with the angle of the crack plane normal vector and the first principal

stretch direction. VC 2016 Wiley Periodicals, Inc. J. Appl. Polym. Sci. 2016, 133, 44195.
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INTRODUCTION

Owing to its superior ability to withstand large strains without

permanent deformations, rubber is widely used in tires, seals,

vibration isolators, medical apparatuses, and instruments etc.1

In recent years, many researchers have investigated the fatigue

life of rubber materials or rubber artifacts, respectively from the

loading process,2–5 working environment,6,7 the optimization of

rubber material and formula and rubber constitutive response

of dissipation etc.8,9 In the actual working conditions, rubber

components are often operate under multiaxial loading sta-

tus.10–13 Mars, Fatemi, Zine, and Ayoub et al. investigated the

multiaxial fatigue life of natural rubber (NR) and styrene buta-

diene rubber (SBR) on load ratio R, axial or torsional load,

maximum and minimum loads, average load, load sequence,

and load frequency etc.1,2,4,11,13 Mars studied traditional equiva-

lent parameters of multiaxial fatigue life, and put forward the

cracking energy density (CED) criterion for the first time.5

Finite element simulation technology plays an important role in

the study of rubber fatigue.10,14 Several researchers proposed a

variety of hyperelastic constitutive models through experiments

and theoretical analysis of specific rubber formula or speci-

men.15–17 Typical models include Neo-Hooke model, Mooney

Rivlin model, Yeoh model and Ogden model.16 The studies

found that the representational capacity of the mechanical prop-

erties different hyperelastic constitutive models is varied with

different formulae.18 Considering its strong adaptability in engi-

neering and sufficient accuracy in calculation,19 the Ogden

model is usually adopted.20

On the one hand, as the requirements of mechanical properties

of rubber products for consumers become more demanding, the

differences of mechanical properties characterization ability can-

not be ignored by different constitutive models. On the other

hand, through multiple fatigue tests to dumbbell simple tension

specimens, dumbbell cylindrical specimens and hollow cylindri-

cal specimens, Shangguan et al.21 concluded that the relation-

ships between the tension fatigue life and the damage

parameters are geometry-independent and the fatigue life is pri-

marily dependent upon the material properties. This discovery

makes it possible to simplify the structure of a variety of com-

plex rubber components. Therefore, the crack orientation angle

and the principal stretch ratio have important application value

in the multiaxial fatigue research.

In this paper, the multiaxial fatigue life of rubber finite defor-

mation based on the CED criterion is investigated by the crack

growth approach. As the crack orientation angle u and the prin-

cipal stretch ratio k change, the ratio of CED and SED are
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calculated under several typical stress–strain states. Meanwhile

the influence of the Ogden model order to the ratio of CED

and SED are discussed. Then the predicted life based on SED

criterion and the relationships of CED and SED are used to

estimate the fatigue life of rubber based on CED criterion.

Finally, the predicted fatigue lives will be compared with the

experimental values.

CED CALCULATION BASED ON CONSTITUTIVE RELATION
UNDER FINITE STRAIN

Under multiaxial fatigue loading, not all SED is used for driving

the crack propagation. The available portion of SED actually to

drive the crack propagation is CED. The relationship between

CED and SED under small strain is concluded in eq. (1)5:

Wc

W
5

2Bv21 22Bð Þv21½ �cos2 u1 B B1vð Þ 2v21ð Þ½ �sin2 u

2Bv21 22Bð Þv21½ �1 B B1vð Þ 2v21ð Þ½ � (1)

where B5 ln k2

ln k1
; v is the Poisson ratio.

On this basis, Zine et al. studied the CED of the simplest Neo-

Hookean model under conditions of finite strain.11 Such a con-

stitutive law can only describe unfilled rubber mechanical

behaviors generally well. However, adding formula in rubber

might strongly modify its mechanical behaviors, which is a nec-

essary process to enhance the mechanical properties. Thus,

more constitutive laws of incompressible rubber-like materials

and the corresponding finite element analysis methods are

required in studies of mechanical properties of rubber

materials.11,21

The CED under Finite Strain

In finite deformation of rubber material, the direction of the

crack growth is usually decided by the local stress and strain

direction around the initial defect. Figure 1 describes a potential

crack surface. While the relationship between the crack plane

and load direction is uncertain, potential crack plane direction

may be any direction from Point O to the sphere. Assuming the

coordinates of the arbitrary point on the sphere is (x, y, z).

Thus,

x5sin x:cos g

y5sin x:sin g; 0 �

z5cos x

x � p; 0 � g � 2p

8>><
>>:

where x is the angle between vector R and the Z-axis; g is the

angle between vector R projection in the XY plane and the X-

axis;R5 x; y; z½ �T ; andjRj51. In the rubber crack propagation,

the increment of CED which drives the crack initiation and

propagation effectively can be calculated as follows:

dWc 5 r:dE 5 r:Ddt (2)

where dE is the strain increment vector; r is stress vector; D is

deformation rate vector.

Under nonlinear finite strain conditions, the influence of coor-

dinate deformation must be considered while predicting the

location and direction of fatigue cracks. After the undeformed

face element transforms to be deformed, its normal vector

changes accordingly. Then, the increment of CED dWc is

expressed as:

dWc 5 J 21 RTSdEC21R

RTC21R
(3)

where J5
q0

q is the ratio of the undeformed mass density to the

deformed mass density; S is the second Piola-Kirchhoff stress

tensor; E is the Green-Lagrange strain tensor; C is the right

Cauchy-Green deformation tensor. The relationship between

Green-Lagrange strain tensor and the right Cauchy-Green defor-

mation tensor is as follows:

E 5
C2I

2
(4)

where I is the unit tensor. The right Cauchy-Green deformation

tensor C and the principal stretch ratio k are related by:

C 5
X3

j51

k2
j ej � ej j51; 2; 3ð Þ (5)

ej is the normalized feature vector of the principal stretch direc-

tion. In Figure 2, assuming the angle of the crack plan normal

vector with the first principal stretch direction is u. If ~Ru5

l1; l2; l3½ �T and
P3

j51 lj
251, under plane stress state,

~Ru5 cos u; sin u; 0½ �T .

The increment of CED dWc ; the second Piola-Kirchhoff stress

tensor S and the right Cauchy-Green deformation tensor C are

related by4:

dWc 5 J 21
~Ru

T
SdCC21~Ru

2~Ru

T
C21~Ru

(6)

Assuming the deformation gradient tensor F 5 diag . . . ; kj ; . . .
� �

,

j 5 1, 2, 3. The Cauchy stress tensor r and the second Piola-

Kirchhoff stress tensor S are related by:

S 5 JF21rF2T (7)

Figure 1. Unit sphere representing all possible crack normal vectors in the

undeformed state. [Color figure can be viewed at wileyonlinelibrary.com.]
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For incompressible materials J51, the second Piola-Kirchhoff

stress tensor S is as follows22:

S 5 2pC2112
oW Cð Þ
o Cð Þ (8)

Accordingly, the second Piola-Kirchhoff stress tensor S and the

principal stretch ratio k are related by:

Sj 5 2pk22
j 1

1

kj

oW

o kj

� � (9)

In plane stress state, hydrostatic pressure p value is decided by

boundary conditions, when S350 and p5k3
oW

o k3ð Þ. The incre-

ment of CED dWc is as follows:

dWc5
k1S1l1

2

l1
21 k2

k1

� �22

l2
2

dk11
k2S2l2

2

l1
21 k2

k1

� �22

l2
2

dk21
2 k2

k1

� �3

k1
4S2l2

2

l1
21 k2

k1

� �22

l2
2

dk3

(10)

CED Characterization Based on Ogden Model

The SED of Ogden model,17 a function of the principal

stretches k1, k2 and k3, is expressed as follows:

W5
XN

i51

li

ai

kai

1 1kai

2 1kai

3 23
� �

1
XN

i51

1

Di

J21ð Þ2i
(11)

In plane stress state, hydrostatic pressure p value of Ogden

model is expressed as follows:

p5
XN

i51

lik
ai

3 (12)

By eqs. (9) and (11), the second Piola-Kirchhoff stress tensor S

of Ogden model in the principal stretch is expressed as follows:

S152
1

k2
1

XN

i51

li

1

bk2
1

 !ai

1
XN

i51

lik
ai22
1 (13)

S252
1

bk1ð Þ2
XN

i51

li

1

bk2
1

 !ai

1
XN

i51

li bk1ð Þai22
(14)

Substituting eqs. (13) and (14) into eq. (10), if

A15

k1 2 1
k2

1

PN
i51

li
1

bk2
1

� �ai

1
PN
i51

lik
ai22
1

� �
cos2u

cos2u1b22sin2u
(15)

A25

bk1 2 1
bk1ð Þ2

PN
i51

li
1

bk2
1

� �ai

1
PN
i51

li bk1ð Þai22

� �
sin2u

cos2u1b22sin2u
(16)

A35

2b3k1
4 2 1

bk1ð Þ2
PN
i51

li
1

bk2
1

� �ai

1
PN
i51

li bk1ð Þai22

� �
sin2u

cos2u1b22sin2u
(17)

The CED of Ogden model is expressed as follows:

dWc5 A1dk11A2dk21A3dk3 (18)

where the biaxial parameters b5 k2

k1
; k25bk1; k35 1

bk2
1

. The

development of the differential eq. (18) can lead to an integral

expression of Wc.

THE CED CHARACTERIZATION ANALYSIS

Parameter Identification of Mechanical Properties

After testing the mechanical properties of rubber material, the

finite element software ABAQUS is used for material evaluation.

In Figure 3, Mooney-Rivlin model (Poly-N1), Neo-Hooke mod-

el (R-Poly-N1), Yeoh model (R-Poly-N3), and Ogden model are

used to simulate the mechanical properties of rubber. The least

Figure 2. The domain with an arbitrary crack under stress. [Color figure

can be viewed at wileyonlinelibrary.com.]

Figure 3. Material stress-strain curves of different hyperelastic constitutive

model. [Color figure can be viewed at wileyonlinelibrary.com.]
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square method is used for the stress–strain curve fitting and

obtaining material parameters. As it can be seen in Figure 3,

Ogden model can match well the material mechanics perfor-

mance. When N 5 3, the fitting parameters is shown in Table I.

In the case of several typical states, in Table II, the relationships

of SED and CED are calculated along with the changes of u and

k through the approach in this paper. As shown in Figures 4, 6,

7, and 8, u is the angle of the crack plane normal vector with

the first principal stretch direction; k1 is the first principal

stretch ratio; Wc

W
is the ratio of CED and SED along with the

changes of u and k1, where Wc is the SED which is actually

applied to create the first crack in the virgin sheet and W is the

spent total SED.

Different from Mars and Fatemi1 and Wang et al.,20 the defini-

tion of biaxial parameter is the same with that of Zine et al.,11

which aims to avoid the calculation inconvenience due to the

introduction of logarithm in this study. Meanwhile, this study

takes into account the effect of the changes of biaxial parame-

ters b as the first principal stretch ratio in the calculation

process.

The Analysis of CED Characteristics under Several Typical

Strain States

In Figure 4, when N 5 3, under uniaxial tension(UT), if

u56 p
2
, Wc50; if u50 or u56p, Wc

W
has the maximum value 1,

and the CED has the maximum value Wc;max5W , which means

all the strain energy density is available for the crack propaga-

tion when the maximum principal stretch direction and the

crack plane are vertical. This shows that the potential crack

direction is perpendicular to the maximum principal stretch

under uniaxial stress state. The propagation surface morphology

of uniaxial fatigue crack defects also confirms this feature in

Figure 5. The initial crack orientation angle u is gradually

increases from 08 to 908. Figure 5(a1,b1,c1,d1) are the propaga-

tion surface morphology before the deformation and Figure

5(a2, b2, c2, d2) are the corresponding propagation surface

morphology after the deformation.

In Figure 6, under planar tensile/pure shear (PT/PS), the con-

clusions can be obtained as follows. When u50 or u56p, Wc

W

has the maximum value, and Wc

W

� �
max

51. When u56 p
2
; Wc

W
has

the minimum value, and with the increase of k1, the minimum

value gradually tends to zero. This suggests that PT/PS will

gradually be equivalent to UT with the increase of k1.

Under simple shear (SS), as shown in Figure 7, when u50

or u56p, Wc

W
has the maximum value; when u56 p

2
; Wc

W
has

the minimum value. With the increase of k1, Wc

W

� �
min

gradually

tends to zero and Wc

W

� �
max

gradually tends to 1. This suggests

that SS will also gradually be equivalent to UT with the increase

of k1.

Under equal biaxial loading, in Figure 8 Wc

W
is independent of u;

Wc

W
identically equal to 0.5. It means the probabilities of the

crack propagation in all directions are the same. Crack can be

Table I. The Material Fitting Parameters of Ogden Model (N 5 3)

i l a

1 1.349 1.367

2 21.32e-7 215.09

3 2.18e-5 12.29

Figure 4. Variation of Wc

W
for UT under finite strain conditions. [Color fig-

ure can be viewed at wileyonlinelibrary.com.]

Figure 6. Variation of Wc

W
for PT/PS under finite strain conditions. [Color

figure can be viewed at wileyonlinelibrary.com.]

Table II. Biaxial Parameter of Several Typical Strain States

Strain state Biaxial parameter b

Uniaxial tensile (UT) b5k23
2

Planar tensile/pure shear (PT/PS) b5k21

Simple shear (SS) b5k22

Biaxial tensile (BT) b5k23k21
1

Figure 5. The fatigue crack propagation surface morphology of defects.
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extended along arbitrary direction. So in any direction, not all

of the SED will be used to drive the crack propagation. The

result is consistent with Mars and Zine et al.5,11

Figures 4, 6, and 7 show Wc

W
presents periodic variation with the

crack orientation angle u. We just need to study the change of
Wc

W
in2 p

2
� u � p

2
. Under several typical strain conditions but

equal biaxial loading, when N 5 3, k151.5,2 p
2
� u � p

2
, Wc

W

changes with u and it is symmetrical about u50 as shown in

Figure 9. If u 5 0, the CED has the maximum value Wc;max.

For a given value k1, when N takes 4, 5, and 6, respectively, the

relationships between SED and CED along with the change of u

and k1 are calculated. Their trends are the same when N 5 3

under uniaxial tension, as shown in Figure 10.

THE CED APPLICATION IN FATIGUE LIFE ESTIMATIONS

The validity of the CED method will be verified in rubber

fatigue life prediction. By the calculation method of this article,

the rubber fatigue life Nf ;Wc
is obtained based on the CED crite-

rion of Ogden model. The results are compared with the SED

method Nf ;W and the experimental values Nf ;exp.

The crack propagation rate da
dN

depends on the tearing energy T

and corresponding material parameters A and F0
13:

da

dN
5AT F0 ; Tt � T < Tc (19)

T52
dU

dS
52kWa (20)

The energy release rate is simply the change in the stored

mechanical energy dU, per unit change in crack surface area dS.

The correlation coefficient of strain level k is given in terms of

the engineering strain Emax by Lindley:

k5
2:9520:08Emax

11Emaxð Þ1=2

(21)

The material constant values are determined from experiments

and are obtained as follows, by using the least square method

according to eq. (19):

rc 5 4:85083 3 1025 m cycle21;

F0 5 2:3034;

k 5 1:74886;

Figure 7. Variation of Wc

W
for SS under finite strain conditions. [Color fig-

ure can be viewed at wileyonlinelibrary.com.]

Figure 8. Variation of Wc

W
for equal biaxial loading under finite strain con-

ditions. [Color figure can be viewed at wileyonlinelibrary.com.]

Figure 9. N 5 3, k151.5, the Wc

W
under several typical strain conditions.

[Color figure can be viewed at wileyonlinelibrary.com.]

Figure 10. Variation of Wc

W
for UT when N 5 3,4,5,6, k151.5. [Color fig-

ure can be viewed at wileyonlinelibrary.com.]
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Tc 5 33:155 kJ m22:

The critical crack propagation rate and critical tearing energy

must satisfy:

rc5ATc
F0 (22)

Substituting eq. (20) into eq. (19) an integral expression of Nf

is calculated as eq. (23):

Nf 5

ðaf

a0

1

Að2kWaÞF0
da 5

1

F021

1

Að2kW ÞF0

1

aF021
0

2
1

aF021
f

" #
(23)

Hence, the predicted fatigue life of CED is expressed as follows:

Nf ;Wc
5

Nf ;W

Wc

W

� �F0
(24)

The crack propagation tests of pure shear specimens were car-

ried out in 258C. The sizes of crack propagation were recorded

using gray scale camera. The tests were terminated when multi-

ple cracks appeared or crack propagation direction changed. A

comparison between the measured lives and predicted fatigue

lives based on the SED damage parameter and the CED damage

parameter is shown in Table III. In Figure 11, all the predicted

lives of the CED damage parameter distribution are within the

double dispersion factor. Figure 11 and Table III reflect that the

rubber fatigue life is clearly of great relevance to the crack ori-

entation angle u. It is meaningless to ignore the relationship

between the crack plane normal vector and the maximum prin-

cipal stretch direction in the study of crack propagation. When

u 6¼ 0 and u 6¼ p
2
, during the fatigue process, crack propagation

rate will accelerate and u will gradually be smaller, meanwhile,

the crack plane and the maximum principal stretch direction

will show a development trend which is perpendicular to each

other. It verifies the conclusion that the potential crack direc-

tion is perpendicular to the maximum principal stretch.

CONCLUSIONS

In this work, considering that the relationship between the

fatigue life and the damage parameters which is a material

property of the rubber fatigue can be considered independent

on the geometry. The relationships between the principal stretch

direction and crack surface normal have been concerned and

investigated. In future studies, this method might be used to

simplify the structure of complicated rubber components in

engineering.

The relationship between SED and CED of Ogden hyperelastic

constitutive model and the influence of the Ogden model order

to the ratio of CED and SED have been discussed. The method

might be used for the study of other similar high-order models,

such as Reduced-polynomial model.

The predicted life based on SED criterion and the relationships

between CED and SED are used to estimate the fatigue life of

rubber based on CED criterion. The predicted values are com-

pared with the measured values. While the angle between the

crack plane normal vector and the first principal stretch direc-

tion is confirmed, the predicted fatigue lives based on the CED

damage parameter are in excellent agreement with the experi-

mental observations in a factor of two. The CED criterion is

more suitable as a damage parameter to estimate the rubber

material crack propagation under multiaxial loading.

Table III. The Loading Conditions and Fatigue Lives

Loading
case

Da
(mm) u (8) Nf;W ð105cycle) Nf;Wc

ð105cycle)
Nf;exp

(105cycleÞ

Scatter factor

Nf;w=Nf;exp
Nf;Wc
Nexp

1 0 90 — — 5 — —

2 0.08 52 0.161 4.529 5 1/31.06 1/1.04

3 1.80 20 1.459 2.643 3 1/2.06 1/1.14

4 1.91 20 2.817 5.106 5 1/1.77 1/0.98

5 0.17 45 0.368 4.894 4 1/10.87 1/0.82

6 0.60 25 1.307 3.404 4 1/3.06 1/1.18

7 1.94 3 2.916 2.984 3.5 1/1.20 1/1.17

8 0.44 30 0.579 2.158 2.5 1/4.32 1/1.16

9 3.84 15 0.979 1.314 2 1/2.04 1/1.52

Figure 11. Comparison between SED and CED fatigue lives under pure

shear. [Color figure can be viewed at wileyonlinelibrary.com.]
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